In this article we study multisymplectic geometry, i.e., the geometry of manifolds with a non-degenerate, closed differential form. First we describe the transition from Lagrangian to Hamiltonian classical field theories, and then we reformulate the latter in "multisymplectic terms". Furthermore, we investigate basic questions on normal forms of multisymplectic manifolds, notably the questions wether and when Darboux-type theorems hold, and "how many" diffeomorphisms certain, important classes of multisymplectic manifolds possess. Finally, we survey recent advances in the area of symmetries and conserved quantities on multisymplectic manifolds.
Introduction
The quest for a "Hamiltonian" formulation of classical field theory has a long history, going back at least to Volterra's work at the end of the 19th century (see [Hél12] and [Rog12] for some stimulating historical remarks). The main advantage of such a formalism, as opposed to the "Lagrangian" approach is that it replaces the problem of finding critical points of a real-valued functional on a space of maps by the finite-dimensional problem of finding geometrically defined "integral curves" or "vortex curves", though in a field-theoretic context the latter objects typically have n-dimensional sources. Analogous to the case of mechanics, the study of general "(multi)phase spaces" (i.e. symplectic resp. multisymplectic manifolds) is not only crucial to understand the dynamics but is also of great independent interest, e.g. for the quantization of mechanics or field theories.
This article has a two-fold goal: First, we want to explain in a few pages the transition from Lagrangian classical field theory to dynamics defined by a real-valued function on a multisymplectic manifold. We are lead by the principle, that the Hamiltonian approach to multisymplectic dynamics should be formulated as simple and universal as it is in the case of Hamiltonian dynamics of symplectic manifolds. The second goal of the paper is to "invite" the reader to the study of multisymplectic manifolds via a "guided tour" that is, in parts, a survey, but which exhibits also many unpublished results and new examples, elucidating properties discussed in the text.
Let us describe now the content of this paper in more detail. As alluded to above the first section reviews the Hamiltonian approach to time-dependent mechanics and the transition from the Lagrangian variational approach to a "Hamiltonian functional" H, whose critical points are the solutions of the given classical field theory. Notably, we explain the relevant "multiphase spaces" together with their canonical differential forms rigorously and from scratch. We then give several conditions equivalent to being critical for H, culminating in the following Theorem (Compare Theorem 2.25). Let (Σ, vol Σ ) be a manifold of dimension n with a fixed volume form, γ ∈ X n (Σ) the multivector field defined by ι γ (vol Σ ) = 1 and Ψ : Σ → M (π) a section of the multiphase space, viewed as a bundle over Σ. Then Ψ is critival for H if and only if ∀x ∈ Σ, (Ψ * ) x (γ x ) = X H (Ψ(x)), where the multivector field X H on M (π) fulfills the "Hamilton-deDonder-Weyl equation" ι X H ω = (−1) n dH, with ω being the canonical (n+1)-form on M (π).
In Section 2 we start with the definition of a multisymplectic manifold and give a long list of examples, before recalling a fundamental result of Martinet "explaining" why there are many multisymplectic manifolds. We conclude this section by generalizing Remark 2.26 to an arbitrary multisymplectic manifold (compare Definition 3.12 and Remark 3.13):
Definition. For a given n-plectic manifold (M, ω) and a k-form H on M , an (n−k)-vector field X H solves the "Hamilton-DeDonder-Weyl equation" if
Furthermore, if Σ is an n−k-dimensional manifold, γ ∈ X n−k (Σ) and Ψ : Σ → M satisfies ∀x ∈ Σ, (Ψ * ) x (γ x ) = X H (Ψ(x)) we call (Σ, γ, Ψ) a "Hamiltonian (n−k)-curve for H".
Section 3 is devoted to the question of normal forms in multisymplectic geometry. We first report on the linear case, recently completed by the first author (cf. [Ryv16a] ). The main point is here, of course, that typically there exist several different equivalence classes of non-degenerate (n+1)-forms, called "linear types" on a given finite-dimensional real vector space. We then introduce the basic Definition. A multisymplectic manifold (M, ω) is called flat, if for all p in M , there exists a local diffeomorphism beween M and T p M , identifying ω with the constantcoefficient form ω p on T p M .
We describe in Subsections 4.2-4.7 imporant classes of multisymplectic manifolds and their respective flatness conditions. Notably the results in Sections 4.4 and 4.5 (Theorems 4.9 and 4.11) are new. In Section 4.6 we give an elementary construction to obtain 2-plectic structures on R 6 , elucidating the two-fold obstruction to flatness: non-constancy of the linear type and an "integrability condition", whose details depend on the linear type (then assumed to be constant). We conclude with a short subsection, 4.7, on the canonical 3-form on a Lie group G. In Section 3 (compare Example 3.6) we explained why (G, ω) is 2-plectic if G is a semi-simple Lie group. Here we show Theorem (cf. Theorem 4.20). Let G be a simple real Lie group and ω its canonical three-form. Then (G, ω) has constant linear type, and (G, ω) is flat if and only if G is three-dimensional (and ω then a volume form).
In Section 5 we study the automorphism group of multisymplectic manifolds. In contrast to the groups of diffeomorphisms preserving a symplectic or volume form, the group of multisymplectomorphisms of (M, ω) tends to be rather "small", even if (M, ω) is flat. We study here notably the question if this group is k-transitive k = 1, k = 2 or for all k ∈ N. Very little seems to be known on these automorphism groups even for simple classes of multisymplectic manifolds. Most of the results and examples of this section seem to be new, but the Theorems 5.3 and 5.6, as well as the ideas of the proof of Theorem 5.7 and Lemma 5.9 are known. The main feature of the study of automorphism groups of multisymplectic manifolds is the preservation of natural distributions or tensors associated to the multisymplectic form, compare Examples 5.10 and 5.12, Remark 5.11 and Proposition 5.15. The presence of these unexpected "invariants" reduce the size of the symplectomorphism group in a non-trivial manner, leading to uncharted territory. This is even more the case for non-flat multisymplectic manifolds, as is illustrated by the following Theorem (cf. Propositions 5.19 and 5.14). Let N = {(x 1 , x 2 , x 3 , x 4 , x 5 , x 6 ) ∈ R 6 | x 2 > 0} and ω f = dx 135 − dx 146 − dx 236 + f (x 2 ) · dx 245 , where f :
is smooth, and dx ijk = dx i ∧ dx j ∧ dx k . Then (N, ω f ) is multisymplectic and of constant linear type. Furthermore, (i) Let f (x 2 ) = x 2 , then (N, ω f ) is non-flat and its multisymplectic diffeomorphism group acts transitively but not 2-transitively on N .
(ii) Let f satisfy f | ]0,1] = 1 and f | [2,∞[ (t) = t, then there are open subsets of N where ω f is flat resp. non-flat and therefore the group of multisymplectic diffeomorphisms of (N, ω) can not act transitively on N .
In Section 6 we discuss the notion of observables and Hamiltonian symmetries on multisymplectic manifolds. It is well-known that both notions lead in field theories to "algebraic complications" compared to the case of mechanics. Typically in physical field theories symmetries preserve the Lagrangian density only up to a total divergence and symmetries form Lie algebras "up to divergences". Mimicking the Poisson bracket on a multisymplectic manifold, we find a precise "Hamiltonian" counterpart of these phenomena: Considering (n−1)-forms α, β, γ on an n-plectic manifold (M, ω) possessing vector fields X α , X β , X γ such that ι Xα=−dα etc., we define {α, β} := l 2 (α, β) = ι X β ι Xα ω.
We then find that l 2 is a Lie bracket up to exact terms: {α, {β, γ}} − {{α, β}, γ} − {β, {α, γ}} = −d(ι Xγ ι X β ι Xα ω).
Mathematicians and physicists tended to mod out closed or exact forms in order to get a bona fide Jacobi identity in similar contexts but under the influence of Stasheff and others, more ("higher") structure became acceptable and these terms were kept in the picture. Baez and Rogers (cf. [Rog12] ) finally uncovered the fact that a natural choice of observables on a multisymplectic manifolds carries the structure of a Lie ∞-algebra. In Subsection 6.1 we recall its definition and give several examples of observable algebras. The natural next step was to define a comoment map as an L ∞ -morphism from a Lie algebra to the observables (compare [CFRZ16] ). We review in Subsection 6.2 this concept and the characteristic classes associated to a multisymplectic Lie algebra action obstructing the existence of a comoment. In Subsection 6.3 we report, without giving proofs, on recent results on conserved quantities with respect to a Hamiltonian vector field, fulfilling ι X H ω = −dH for an (n−1)-form H on an n-plectic manifold (M, ω).
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Classical Field Theory
In this section we explain the Hamiltonian formulation of classical field theories that allows to replace the infinite dimensional (Lagrangian) variational approach by the study of analytic and geometric questions on certain types of finite dimensional manifolds, called multiphase spaces or multimomentum bundles. Since these ideas are a direct, though technically involved generalization of time-dependent Hamiltonian mechanics, we start by reviewing the latter subject in Subsection 2.1. In the next subsection, 2.2, we describe the general set-up, i.e. jet bundles and multiphase spaces in some detail. In Subsection 2.3 we explain the transition from Lagrangian to Hamiltonian classical field theories, and the various equivalent characterizations of solutions of field theories. The content of this section is essentially known if not classic and good references include [Arn89] for the mechanics part and [CnCI91, EEdLMLRR07, GS73, HK04, Kij73, Got91, Sch13] and [RR09] for the field theory part, but we think that its inclusion is highly useful here. It allows to see how multisymplectic manifolds and the Hamilton-Volterra (and HamiltonDeDonder-Weyl) equations generalize the well-known "Hamiltonian picture" of mechanics to field theory. The main novelties here are our insisting on the question how the dynamics of a classical field theory can be defined by a "Hamiltonian function", as opposed to a "Hamiltonian section" and the introduction of "vortex n-planes" inside multiphase spaces to characterize the solutions of a Hamiltonian field theory. Put together this allows to formulate the condition on a map with n-dimensional source to be a solution in a geometric way that generalizes from multiphase spaces to arbitrary "n-plectic manifolds" (see the second condition in Theorem 2.25, the remarks following the theorem and Remark 3.13).
Time-dependent classical mechanics revisited
Since Lagrangian formulations typically allow for an explicit dependence on time or spacetime of the density, we review here thoroughly the Hamiltonian approach to time-dependent mechanics.
Definition 2.1. Let Q be a manifold of dimension N and T * Q its cotangent bundle.
1. The 1-form θ T * Q on T * Q defined by
is called the tautological (or canonical) 1-form on T * Q. The negative of its exterior derivative ω T * Q = −dθ T * Q is called the canonical 2-form on T * Q. In this context, Q is sometimes called the "configuration space" and T * Q the "phase space (associated to Q)". 3. Given a symplectic manifold (M, ω) and a ("Hamiltonian") function H ∈ C ∞ (M, R), we call the unique vector field X H ∈ X(M ) fulfilling ι X H ω = −dH the "Hamiltonian vector field associated to H". 4. The equation X H (γ(t)) =γ(t) for a differentiable curve γ in a symplectic manifold (M, ω) is called the "Hamiltonian equation (for γ with respect to the Hamiltonian function H)". In local coordinates (q a , p a ) satisfying ω = N a=1 dq a ∧ dp a one arrives at the traditional Hamiltonian equation
Given local coordinates
5. Let I ⊂ R be an open interval and H : I × T * Q → R be a smooth function, called a "time-dependent Hamiltonian function". Identifying T * (I × Q) with R × (I × T * Q) and denoting by p the standard coordinate on R, the fiber of T * I → I, the submanifold
is a smooth hypersurface, the image of h :
, and a leaf of the associated foliation is called a "vortex line of H in T * (I × Q)".
(Note that, e.g. in [Arn89] , one can equivalently consider the isomorphism h : I × T * Q → W and ω h = h * (ω T * (I×Q) ) and interpret a vortex line as a one-dimensional submanifold of I × T * Q.)
We can now formulate the folkloric Theorem 2.2 (Equivalent formulations of time-dependent dynamics in Hamiltonian mechanics). Let Q be an N -dimensional manifold, I ⊂ R an open interval and H : I × T * Q → R a smooth function. Then the following are equivalent for a smooth map ψ : I → T * Q:
1. The map ψ satisfies the (time-dependent) Hamiltonian equation for H on (T * Q, ω T * Q ), i.e. one has X Ht (ψ(t)) =ψ(t), where H t (y) := H(t, y) ∀t ∈ I, ∀y ∈ T * Q. Equivalently, in standard coordinates on T * Q one has for all a ∈ {1, ..., N }:
2. The map Ψ : I → T * (I×Q) = R×(I×T * Q), defined by Ψ(t) = (H(t, ψ(t)), t, ψ(t)), satisfies the Hamiltonian equation for
Ψ (t) = X H (Ψ(t)) ∀t. Writing x for the canonical coordinate on I and p for the canonical coordinate on T *
x I, one has in standard coordinates ∀a ∈ {1, ..., N }:
as well as
3. For the above Ψ, im(Ψ) is a vortex line of H in T * (I × Q).
4. For all X ∈ X(T * Q) with compact support, considered as "vertical vector fields"
. In standard coordinates ω h is given by −dH ∧ dx − N a=1 dp a ∧ dq a .
The section (id
Proof. Obviously the second assertion implies the first. Assume now that statement 1 is true. Since x(t) = t, 
This implies, that the first new equation is satisfied as well.
Assume now, that the second assertion is satisfied and we are given
ThenΨ(t 0 ) generates T Ψ(t 0 ) im(Ψ) and we have In order to show the equivalence of the assertions 3 and 4 let X be a vector field on T * Q viewed as a vector field on I × T * Q. Then for t 0 ∈ I we have
.
Let us observe that
is generated by the subspace V := {X(ψ(t 0 )) | X vector field on T * Q} and the tangent vector ∂ ∂x | t 0 as well as by V and the derivative of the curve t → (t, ψ(t)) at time t 0 . Since h is a diffeomorphism from
(Obviously it is enough to consider vector fields with compact support.) The equivalence of assumptions 3 and 4 is thus shown.
Before showing the equivalence of the last two assertions let us recall what a "variation of a section" in the given situation is: Let X be a vector field (with compact support) on T * Q, considered as a vertical field on I × T * Q over I. Integrating X yields a flow (σ X ) ∈R on T * Q (resp. (id I × σ X ) on I × T * Q) and (id I , ψ) is a critical section if and only if
Using the fundamental theorem of differential and integral calculus we obtain
are sometimes called the "(simply) extended phase space" resp. the "doubly extended phase space".
Jet bundles and their duals
The multiphase spaces generalizing cotangent bundles (often called "phase spaces") are here described in terms of jet bundles and their duals as well as in terms of restricted multicotangent bundles, both points of view being useful in Subsection 2.3.
Definition 2.4 (First jet bundle.). Let Σ resp. Q be manifolds with local coordinates is (x 1 , .., x n ) resp. (q 1 , ..., q N ), where n, N ≥ 1, and E π → Σ a fiber bundle with typical fiber Q.
1. Given x ∈ Σ amd φ 1 , φ 2 local sections of π near x, we call φ 1 and φ 2 "1-equivalent at x" if φ 1 (x) = φ 2 (x) and in local coordinates (x µ ) near x and (x µ , q a ) near φ 1 (x) = φ 2 (x) we have ∀µ, ∀a:
The 1-equivalence class at x of a local section of φ of π near x is denoted by j 1 x (φ).
2. We denote by J 1 π the "first jet bundle of π", set-theoretically defined as
and its projections to E resp. Σ by π 1,0 resp. π 1 = π • π 1,0 . Explicitly, one has
(Attention to the abuse of notation: x denotes a point in Σ and (x 1 , ..., x n )(x) its local coordinates!) Remark 2.5.
1. See, e.g., [Sau89] for a detailed exposition of jet bundles.
Note that j
3. We will always use coordinates on E coming from coordinates (
→ E is only an affine bundle, modelled on the vector bundle π * (T * Σ) ⊗ V (π) → E. This can be easily seen upon considering two sections φ 1 , φ 2 with φ 1 (x) = y = φ 2 (x). Then T x φ 1 − T x φ 2 = A : T x Σ → V y (π) = ker(π * ) y ⊂ T y E is a linear map, i.e. an element of (π * (T * Σ)⊗V (π)) y . It follows that E y can be identified with the affine spaces of linear sections of
R, and for a smooth functionφ : Σ → R with associated section φ = (id I ,φ) of π, one has j
6. In case Σ = I ⊂ R is an open interval and E = I × Q , we have a canonical identification
Givenφ : I → Q and φ := (id I ,φ), j
Recap' on affine spaces
Let K be a field of characteristic zero and V, W two K-vector spaces of finite dimension and A, B affine spaces modelled on V resp. W . Then the space of affine maps from A to B, Aff(A, B) is again an affine space, modelled on W ⊕ Hom K (V, W ). If B = W is a vector space, Aff(A, W ) is a vector space as well and W ⊂ Aff(A, W ) as constant maps.
Given a linear subspace Z of the model space V of an affine space A, one can define the quotient space A/Z, again an affine space and modelled on V /Z. We call the vector space
Lemma 2.6. Let W π → U be a surjective linear map of finite-dimensional K-vector spaces with kernel V ⊂ W . Then
3. The vector space Aff(S, Λ n U * ) is canonically isomorphic to Λ n 1 W * , the isomorphism sending the constant maps
Proof. The main point is the construction of a map from Λ
. In order to check whenη is affine we choose an ordered basis {e 1 , ..., e n } of U and with vol U := e * 1 ∧ ... ∧ e * n , we obtain a mapη :
Sinceη is affine if and only ifη is affine, we can take λ ∈ Hom K (U, V ), the linear model space of S and check that
η(σ(e 1 ), ..., λ(e j ), ..., σ(e n )) + " terms with two or more λ's ".
It follows thatη (and thusη) is affine if and only if
More details on this construction can be found, e.g., in [CnCI91] .
Remark 2.7. If we fix a volume form on U , Λ n U * and Λ
Construction 2.8. Let E π → Σ a smooth fiber bundle with typical fiber Q, and let n = dim R Σ, N = dim R Q, as well as
the first jet bundle of π. Applying fiberwise the constructions of the preceding lemma, we obtain the π
Both spaces are vector bundles over E and "identified" by the next proposition.
Definition 2.9. Let π : E → Σ be a fiber bundle with typical fiber Q and let
Proposition 2.11. Let π : E → Σ be a fiber bundle with typical fiber Q and let n = dim R Σ. Then 1. There is an isomorphism M (π) ∼ = Λ n 1 T * E of vector bundles over E and the latter has coordinates (x µ , q a , p µ a , p), where (x 1 , ..., x n ) are local coordinates on Σ, (q 1 , ..., q N ) are local coordinates on Q and an element η ∈ (Λ
The following diagram commutes
where the oblique arrows are projections of vector bundles and the vertical arrows are surjective submersions, realising P (π) as a quotient bundle of Λ Proof. Follows from the preceding linear algebra. For the last identification of P (π) we use that, given an
Remark 2.12.
1. The manifolds associated to the fibration E π → Σ can be resumed by the following diagram of fibrations
We put here, for later use, τ := π • κ.
2. In case Σ = I ⊆ R is an interval and E = I × Q is trivialized, we obtain the following canonical identifications:
we are in the situation of time-dependent classical mechanics revisited in Subsection 2.1. For this analogy, the space P (π) is sometimes called the "(simply) extended multiphase space" and M (π) the "doubly extended multiphase space". Further choices of standard "physical" terminology include "restricted (resp. extended) multimomentum bundle" for P (π) resp. M (π).
3. More generally, we can identify all manifolds in 1. in the case E = Σ × Q:
(suppressing pullbacks for shortness here). Furthermore
and finally
projecting as a vector bundle over E in the obvious way onto P (π).
Remark 2.13. The fibration µ : M (π) → P (π) is always an affine real line bundle with associated (linear) real line bundle τ * (Λ n T * Σ).
Hamiltonian approach to classical field theories
We begin by explaining the transition from the Lagrangian to the Hamiltonian formulation of classical field theories. Then we give -in a purely Hamiltonian settingvarious equivalent formulations of the condition that a section of a bundle π : E Q → Σ (a "field" in physical lingo) is a solution of a given classical field theory. Our efforts culminate in the second condition of Theorem 2.25, that allows to formulate Hamiltonian dynamics on arbitrary multisymplectic manifolds at the end of Section 3.
The analogues of the canonical 1-and 2-form on a cotangent bundle are described by the following easy but fundamental Proposition / Definition 2.14 (Tautological forms on multicotangent bundles).
1. Let Y be a smooth manifold of dimension at least n ≥ 1. Then the "multicotangent bundle (or multimomentum space)"
.., i n ) are strictly ascending multiindices and dy
With respect to these coordinates we have θ Λ n T * Y = I p I dy I , and consequently ω Λ n T * Y = − I dp I ∧ dy I .
The form ω is "non-degenerate", i.e. ∀y ∈ Y,
given by the contraction of a tangent vector with the (n+1)-form ω
2. Let Y = E π → Σ be a fibration over the n-dimensional manifold Σ with typical fiber Q and 1 ≤ k ≤ n. Then the pullback of ω Λ n T * E to Λ n k T * E is nondegenerate as well.
Proof. To see the non-degeneracy of ω , and v j = ∂ ∂y j for j ∈ {2, ..., n} we have
For the subbundles we can choose a chart of Y such that y 1 , .., y n is a chart of Σ. Then Λ n k T * U has coordinates (p I , y i ), where now I runs through all multi-indices which contain at most k of the elements {1, ..., n}. The conditions on k guarantee, that such multiindices exist. Again, ω Λ n T * Y | Λ n k T * Y = − I dp I ∧ dy I with the new (restricted) index subset I, and non-degeneracy can be shown as for
Corollary 2.15. Let π : E Q → Σ be as in part 2 of the preceding definition, (x 1 , ..., x n ) local coordinates on Σ, (q a ) local coordinates on Q and for y ∈ E, elements of Λ n 1 T * y E written as follows
where d n x and d n x µ are as in Proposition 2.11 above. Then, near y, θ := θ
Let us from now to the end of this section fix a Q-fiber bundle π :
being an affine real line bundle (cf. Remark 2.13).
Before discussing classical field theory in the Hamiltonian approach, let us rapidly review the more standard Lagrangian approach.
We call L a "Lagrangian density".
1. The "Legendre transformation (associated to L)" is the smooth map FL :
, the vector space model of the affine space (J 1 π) y .
2. We call a Lagrangian density L "regular resp. hyper-regular" if the map µ•FL :
Remark 2.17.
Often the map µ • FL is called the Legendre transformation associated to L.
We stick to the convention that FL is the Legendre transformation.
2. In case µ is trivialized, h is an R-valued function. This is the typical case in the classical field theories considered in physics (compare Remark 2.24 below).
3. In local coordinates on
(Observe that for n = 1, µ = 1 and we have found the standard expression for H in terms of L, well-known from classical mechanics
Lemma 2.18. Let L be a Lagrangian density and φ a section of π :
, where θ L = (FL) * θ, and the following are equivalent:
2. in local coordinates φ satisfies the following "Euler-Lagrange equations":
Proof. Using Proposition 2.11 and the above remarks we obtain in local coordinates
Let now X be a vertical vector field with compact support on E, in local coordinates X = a X a ∂ ∂q a with X a = X a (x µ , q a ), and let (σ X ) ∈R be its flow on E. It is wellknown how to lift ("prolong") π-vertical vector fields on E to vertical vector fields of
The preceding lemma allows for an important generalisation.
Proposition 2.19. Let π : E Q → Σ a fiber bundle, L a Lagrangian density on J 1 π and s a section of π 1 : J 1 π → Σ. Then the following are equivalent:
Proof. See, e.g., [GS73] or the survey [RR09] .
Corollary 2.20. Let L be a hyper-regular Lagrangian density on J 1 π, s a section of π 1 :
Proof. Recall first the relevant diagram:
Definition 2.21. Let h be a smooth map from E Q → Σ be a fiber bundle with n-dimensional base and N -dimensional fiber and h : P (π) → M (π) be a Hamiltonian section. Then for a (local) sectionΨ of τ : P (π) → Σ defined on U , open in Σ, the following are equivalent:
3.Ψ * (ι X ω h ) = 0 for all X in X(P (π)).
4. in local coordinates as in the preceding remark,Ψ fulfills the following "HamiltonVolterra" equations: ∀µ ∈ {1, ..., n} and ∀a ∈ {1, ..., N }
The image of
Proof. For a proof of the equivalence of the first four conditions we refer again to [GS73, RR09] , compare also [EEdLMLRR07] . Here, we only show that 3. and 5. are equivalent, since the notion of a vortex n-plane seems to be less standard. Obviously W together with the form ω| T W is diffeomorphic to P (π) with the form ω h = h * ω via µ| W with inverse h. For X ∈ X(P (π)) and x ∈ U , γ x ∈ Λ n T x Σ we have
and thusΨ
Remark 2.24.
1. The Hamilton-Volterra equations go back, at least, to work of Volterra in the end of the 19th century (compare [Vol90b, Vol90a] ).
2. When a section h of the affine R-bundle µ : M (π) → P (π) is given, we get a linear structure on µ by the following isomorphism of affine R-bundles
,
. Combining the two maps, we can trivialize µ by:
Hamiltonian section" then translates to a "Hamiltonian function"
Proof. Let us stress, that we invert the order, when we define contractions between multivector fields and differential forms, i.e. if V is a vector space of dimension at least two and η ∈ Λ k V * with 2 ≤ k ≤ dim R V and u, v ∈ V , then ι u∧v η = ι v ι u η.
Recall from the first theorem on equivalent formulations of Hamiltonian field theories that the first condition is equivalent to Ψ being a vortex n-plane, i.e.
(Here H is the Hamiltonian function on M (π), associated to h and vol Σ .) Thus
(dp) Ψ(x) = −(−1) n , i.e. g(x) = (−1) n , proving that the first assertion implies the second. On the other hand, the second condition immediately implies that Ψ is a vortex n-plane for h, since for w ∈ W = {H = 0},
Remark 2.26. Assume that the Lagrangian L : J 1 π → π * Λ n T * Σ is (hyper-)regular with induced Hamiltonian section h : P (π) → M (π). If, furthermore, a volume form vol Σ on Σ is fixed, the problem of finding a section φ of π : E → Σ fulfilling the Euler-Lagrange equations is, by the preceding results, equivalent to finding a sectioñ Ψ of τ : P (π) → Σ such that ∀x
where Ψ = h •Ψ, H is the Hamiltonian function associated to h and vol Σ , and γ ∈ X n (Σ) = Γ(Σ, Λ n T Σ) is uniquely determined by ι γ (vol Σ ) = 1. The Lagrangian variational problem is thus equivalent to the following "Hamiltonian" two-step problem:
(Note that Ψ then automatically has values in {H = C} ⊂ M (π) for an appropriate C ∈ R, i.e. Ψ factorizes through h + C · τ * (vol Σ ).) The equation ι X H ω = (−1) n dH can easily be generalized to the following "Hamilton-DeDonder-Weyl (or HDW) equations"
Typically a "Hamiltonian k-form" H is given and the "Hamiltonian (n−k)-vector field" X H is considered to be the unknown. Solutions of the second equation Ψ * (γ) = X H • Ψ for H a 0-form are also called "Hamiltonian n-curves" cf. [HK04] . These ideas generalize to the context of multisymplectic manifolds, which we will introduce in the following section.
Multisymplectic manifolds
Multisymplectic manifolds generalize the multiphase spaces crucial to the formulation of Hamiltonian classical field theories in Section 2. Our definition is rather general but seems to be the most natural one, and is widely used by now in the mathematical literature. More restricted definitions amount to impose the existence of a global potential of the multisymplectic form and/or the existence of standard coordinate systems. The issue of normal forms will be treated by us in Section 4. The main body of this section consists of examples showing that interesting classes of multisymplectic manifolds abound. We end this section by describing the HamiltonDeDonder-Weyl equations on a general multisymplectic manifold. Definition 3.1. A "multisymplectic" manifold (M, ω) is a pair, where M is a manifold, k ≥ 1 and ω ∈ Ω k+1 cl (M ) is a closed differential form satisfying the following non-degeneracy condition: The map
is injective. For fixed degree k + 1 of the form such manifolds are also called "kplectic". Such a form is sometimes simply called a "multisymplectic form" or a "multisymplectic structure".
Example 3.2 (The classical cases).
• A symplectic manifold is, by definition, a 1-plectic manifold.
• An n-dimensional manifold equipped with a volume form is an (n−1)-plectic manifold.
Example 3.3 (Sums and products). As in the symplectic case, given two k-plectic manifolds (M, ω) and (M ,ω), there is a natural k-plectic structure π * M ω + π * Mω on M ×M . Additionally M ×M carries the multisymplectic structure given by π * M ω ∧ π * Mω , which is a multisymplectic manifold, even when ω andω have different degrees. Example 3.6 (Semisimple Lie groups). Let G be a real semi-simple Lie group. We construct a 2-plectic form on G using the following facts:
• The Lie bracket is Ad g -equivariant for all g ∈ G. As G is semi-simple, we have [g, g] = g.
• The (symmetric) Killing-form ·, · : g × g → R is Ad g -invariant for all g ∈ G and ad X is a skew-adjoint linear map for all X ∈ g. It is non-degenerate for semi-simple Lie groups.
•
] ∀g ∈ G, ∀u, v, w ∈ T g G. Non-degeneracy follows from [g, g] = g and the non-degeneracy of the Killing form. The left-invariance of θ L implies that ω, too, is left-invariant. Using the description Ad g = T (L g ) • T (R g −1 ), the Ad g -invariance of the Killing form and the Ad-equivariance of the Lie bracket one can also show that ω is right-invariant. Any bi-invariant form on a Lie group is automatically closed, so ω is in Ω 3 cl (G) and non-degenerate and thus defines a 2-plectic structure on G.
Example 3.7 (G 2 -structures). A closed G 2 -structure for a seven-dimensional manifold M is a closed differential 3-form ω,such that for all p ∈ M , there exists a basis e 1 , . and pull it back to S 6 by the canonical inclusion ρ : S 6 → R 7 . This form ρ * ω is still closed, so for 2-plecticity we only need to verify its non-degeneracy.
Since the linear action of G 2 on R 7 preserves ω and restricts to a transitive action on S 6 (in fact Aut Lin (R 7 , ω) = G 2 cf. eg. [Bry06] ), it suffices to show nondegeneracy at one point. We regard the point p = (0, 0, 0, 0, 0, 0, 1) ∈ S 6 ⊂ R 7 and see
TpS 6 . This form is non-degenerate, as one can see, e.g., by applying Theorem 4.14 from the next section or by direct verification. It follows that (S 6 , ρ * ω) is a 2-plectic manifold, with a homogenous 2-plectic structure. As H 3 dR (S 6 ) = 0, ρ * ω is exact.
Remark 3.9. A more general construction for generating multisymplectic manifolds is described in [MS12] . Their method recovers all homogenous strictly nearly Kähler 6-manifolds (especially S 6 ) as 2-plectic manifolds.
Example 3.10 (Exact 3-plectic structure on S 6 ). Let R be the radial vector field x i ∂ ∂x i on R 7 . The differential 2-form τ = ρ * (ι R ω) with ω as in Example 3.8 is non-degenerate and G 2 -invariant. However it is not symplectic, in fact dτ = 3(ρ * ω). (As one can see, upon using Section 4.1 of [Bry06] .) We have τ p = (−dx 16 + dx 25 + dx 34 ) TpS 6 , especially τ p ∧ (ρ * ω) p = 0. As both τ and ρ * ω are G 2 -invariant it follows
Thus (S 6 , τ ∧ τ ) is a 3-plectic manifold, with a G 2 -homogenous 3-plectic form. As H 4 dR (S 6 ) = 0, this form is also exact.
As the above examples indicate, multisymplectic structures on closed manifolds do not, in general, give rise to cohomology classes. This is part of a very general phenomenon. In many degrees, multisymplectic structures exist in all cohomology classes (especially in the zero class).
Theorem 3.11 (Genericity, Theorem 2.2 of [Mar70] ). For n ≥ 7 and 3 ≤ k ≤ n − 2 an n-dimensional manifold has a (k−1)-plectic structure in every class in H k dR (M ). For such degrees the non-degenerate forms are C 1 -open and dense in the (closed) forms.
Though in this article we do not study "Hamiltonian dynamics" on general multisymplectic manifolds in detail, we would like to give (and use) the following fundamental 
Darboux type theorems
A very important tool in symplectic geometry is the Darboux theorem stating that, given a point p in a symplectic manifold (M, ω), there exist local coordinates (x 1 , ..., x 2m ) near p such that in these coordinates ω = dx 1 ∧dx 2 +...+dx 2m−1 ∧dx 2m . The existence of such coordinates relies on the two facts that all 2m-dimensional symplectic vector spaces are linearly isomorphic and that locally a symplectic manifold (M, ω) is diffeomorphic to the linear symplectic manifold (T p M, ω p ) for any p ∈ M . Neither of these results pertain to a general multisymplectic manifold (M, ω) and "flatness" of such a manifold, i.e. the existence of local coordinates such that (M, ω) can locally be identified with (T p M, ω p ) for p ∈ M turns out to be a rather special situation. We report in Subsection 4.1 on the linear multisymplectic case, without giving any proofs. After recalling the advantageous cases of symplectic and volume forms, and of certain "multicotangent type manifolds" in Subsections 4.2 and 4.3, we give new results in Subsections 4.4 and 4.5. In Subsection 4.6 we recall the three possible cases for flat 2-plectic manifolds before giving an elementary construction to obtain 2-plectic forms on R 6 that show that the "linear type" can change in a multisymplectic manifold, as well as that flatness may fail even when the linear type is constant throughout the manifold. Though similar examples exist in the literature, we included our constructions for their extreme simplicity. In the last subsection, 4.7, we show that the canonical 2-plectic structure on a real simple Lie group is not flat unless the dimension of the Lie group is three. Though the linear type of these 2-plectic structures is constant, the result is rather natural but we were not aware of a proof of it in the literature.
Linear types of multisymplectic manifolds
In this subsection we will briefly discuss results concerning the linear types of multisymplectic manifolds.
Definition 4.1. A "k-plectic vector space" (over R) is a pair (V, η), where V is a finite-dimensional R-vector space and η ∈ Λ k+1 V * is non-degenerate, i.e.
A "k-plectic linear type" is an isomorphism class of such pairs (V, η).
Multisymplectomorphic vector spaces have equal dimensions, so we can ask: "How many (k+1)-plectic linear types are there in dimension n?" An answer is given by the following theorem: • Σ 2 n is 0 for n odd and one for n even.
• Σ n−2 n = n 2 − 1, when (n mod 4) = 2 (for n ≥ 4) and Σ n−2 n = n 2 , when (n mod 4) = 2 (for n ≥ 4).
• Σ • Σ k n = ∞ in all other cases. Proof. Most cases have been settled in [Mar70] . Three-forms in dimensions six, seven and eight have been handled by [Cap72, Wes81, Djo83] and the remaining cases are settled in [Ryv16a] .
For dimensions up to 10 the numbers look as follows, where the rows range from 0-forms (the "−" in the table) to n-forms:
Symplectic and volume forms
The next few subsections are motivated by these two classical theorems ([Mos65,
Theorem 4.3. Let (M, ω) be a 1-plectic (i.e. symplectic) manifold of dimension n = 2m and p ∈ M . Then there exists a chart near
Theorem 4.4. Let n ≥ 2 and (M, ω) be a (n−1)-plectic manifold of dimension n (i.e. a manifold with a volume form), and p ∈ M . Then there exists a chart near p
Each of these theorems can be decomposed into two statements:
(i) Any symplectic form (resp. volume form) has the linear type of dx
(ii) Around any point p the symplectic resp. (n−1)-plectic manifold (M, ω) is locally isomorphic to (T p M, ω p ). (I.e. around p there exists a chart φ : M ⊃ U → T p M such that φ(p) = 0 and φ * ω p = ω.)
As we have seen in the last subsection, there is no hope for (i) to hold for k other than 1, n−1. In the sequel we will investigate conditions for (ii) to hold. For this we will formulate the following property: 
Multicotangent bundles
In this subsection we recall the situation for multisymplectic manifolds, whose linear types correspond to that of a multicotangent bundle (Λ n T * Y, ω = −dθ) from Example 3.4. Definition 4.6. A real n-plectic vector space (V, ω) is called "standard" if there exists a linear subspace W ⊂ V such that ∀u, v ∈ W , ι u∧v ω = 0 and
is an isomorphism.
Remark 4.7. In the above situation W is unique if n ≥ 2 and then often denoted W ω .
From [Mar88, CIdL99] the following result can easily be derived:
Theorem 4.8. Let n ≥ 2 and (M, ω) be a standard n-plectic manifold, i.e. (M, ω) has as constant linear type a fixed standard n-plectic vector space. Then 
Multisymplectic manifolds of product type
In this subsection we study the local normal form for multisymplectic structures having as (constant) linear type the sum of k m-dimensional vector spaces, each supplied with a volume form. It turns out that flatness arises exactly if all elements in a certain intrinsically defined collection of m-forms are closed. Proof. Let {ω i } be an alternative collection of decomposable forms with the above property, which are no permutation of {ω i }. We define the subspacesẼ i = {v ∈ V | ι vωj = 0 ∀j = i}. Since we have by construction V = Ẽ i , the projections
). Hence, as {ω i } is no permutation of {ω i }, {Ẽ i } is no permutation of {E i } (defined correspondingly). I.e, there exists a vector v ∈ E i , which does not lie in a singleẼ j . As v i ∈ E i , ι v ω = ι v ω i is decomposable. However, ι v ω = ι v ( ω i ) has several nonzero summands, i.e. is not decomposable, which yields a contradiction. Hence any collection {ω i } of decomposable forms summing up to ω is a permutation of {ω i }.
Proof of the Theorem. By the preceding lemma we know that forms ω i exist pointwise. To prove their smoothness, we begin with showing that the distributions E i , defined in Lemma 4.10, are smooth, i.e. subbundles. Assume U to be open and constractible. Then there is a canonical isomorphism T U = U × R km . We consider ω as a map U → Λ m (R km ) * . As ω is of constant linear type, it maps into
By the above lemma, the stabilizer of η is isomorphic to S k SL(R d ) k , where S k is the permutation group of k elements. We regard the following diagram:
where π is induced by the inclusion of SL(R m ) k−1 into GL(R (k−1)m ) and Gr m (R km ) is the Grassmann manifold of all m-dimensional vector subspaces of R km . The map π σ is a k!-fold covering and U is contractible, so the horizontal map admits k! sections. We choose one section for each orbit of S k−1 , the stabilizer of {1} of the S k -action on {1, ..., k}, acting on GL(R km ) SL(R m ) k and denote them as s 1 , ..., s k . Composed with π, we get k smooth maps π•s i :
. By the definition of Gr m (R km ) they yield k smooth subbundles E i of T U , which correspond pointwise to the E i of the above lemma. Thus the elements ω i = ω| E i are smooth.
Obviously, if ω is flat, then the ω i are closed. Conversely assume all ω i are closed. Then the (k −1)m−f orms Ω i = ω 1 ∧ω 2 ∧... ω i ∧...∧ω k are also closed. Consequently the subbundles E i = {v|ι v Ω i = 0} are involutive and hence integrable. Also, for any I ⊂ {1, ..., k} the sums i∈I E i are integrable by the same argument. Especially
k is a diffeomorphism onto its image, i.e. a chart. We know that the pullbacks (Φ −1 ) * ω i are closed and of the form
so f i only depends on x (i−1)m+1 , ..., x im . The theorem then follows from applying the Darboux theorem for volume forms to the (Φ −1 ) * ω i . (For a similar statement proven differently cf. also [ZM13] .)
(m−1)-plectic complex m-manifolds
We consider here, for m > 2, (2m)-dimensional real manifolds with a (m−1) − plectic structure having as (constant) linear type the real part of a complex volume form, and show that such multisymplectic manifolds are flat if and only if a certain associated almost-complex structure is integrable. 
, where m > 2. Then, up to sign, there is a unique almost-complex structure J such that the following equality holds for all p ∈ U and v, w ∈ T p U :
Furthermore, (U, ω) is flat if and only if J is integrable.
For the proof we need the following lemma from [Van08] :
Lemma 4.12. Let m > 2 and J a linear complex structure on the 2m-dimensional real vector space
The "⊃"-inclusion is clear. For the other inclusion we first observe, that the elements of A ω R commute:
.).
Especially A ω R ⊂ End C (V ), as every element has to commute with J. Moreover, any element A ∈ A ω R has to be diagonal as a complex matrix. To see that, we observe that A(v) is always C-linearly dependent on v. We have
As ω R is at least a 3-form, this implies ι v ι A(v) ω = 0 for all v. Now ω is a complex volume, so v is a complex eigenvector of A. In remains to show, that all eigenvalues are equal, but this follows from
again using the fact, that ω R is the real part of a complex volume form.
Proof of Theorem 4.11. At any point we choose J p to be the unique almost-complex structure compatible with the standard orientation on U and satisfying (1), existing by the above lemma. The smoothness of ω assures that the almost-complex structure J varies smoothly. If (U, ω) is flat, then with respect to some chart J has constant coefficients, i.e. is integrable. On the other hand if J is integrable, then we can extend ω to an element ω
By the integrability of J, this form is still closed, i.e. a holomorphic volume form (of the complex manifold (U, J)). By the holomorphic version of the Darboux-Moser Theorem for volume forms, there exist holomorphic local coordinates (z 1 , ..., z n ), such that ω C (and hence ω = Re(ω C )) has constant coefficients.
Remark 4.13. For odd m, the almost-complex structures defined by Equation (1), could also be described by the equation
as has been done for the m = 3 case in, for example, [Bry06, Hit00] .
2-plectic 6-manifolds
We construct here new 2-plectic structures on R 6 that do not have constant linear type respectively are not flat despite having constant linear type, showing that flatness of multisymplectic manifolds is a subtle issue.
For non-degenerate three-forms in dimension six there are three linearly inequivalent normal forms. We will recall their flatness conditions, as described in [Bry] . The different cases were presented in [Bur04, PV08, Van01, Mar88, KN69].
Theorem 4.14. Let U ⊂ R 6 be open and ω ∈ Ω 3 cl (U ) (possibly degenerate). Choose any volume form Ω ∈ Ω 6 (U ). There is a unique
2 ) > 0, then ω p has the linear type of e 1 ∧ e 2 ∧ e 3 + e 4 ∧ e 5 ∧ e 6 . If this is the case on an open subset V ⊂ U , then ω| V = ω 1 + ω 2 for decomposable forms ω 1 , ω 2 ∈ Ω 3 (V ), unique up to order. In such cases (V, ω| V ) is flat, if and only if dω 1 = dω 2 = 0.
(ii) If trace(J(p) 2 ) < 0, then ω p has the linear type of e 1 ∧ e 3 ∧ e 5 − e 1 ∧ e 4 ∧ e 6 − e 2 ∧ e 3 ∧ e 6 − e 2 ∧ e 4 ∧ e 5 . If this is the case on an open subset V ⊂ U , theñ
· J defines an almost-complex structure.
In such cases (V, ω| V ) is flat, if and only ifJ is an integrable almost-complex structure.
(iii) If trace(J(p)
2 ) = 0 and ω p is non-degenerate, then ω p has the linear type of e 1 ∧ e 5 ∧ e 6 − e 2 ∧ e 4 ∧ e 6 + e 3 ∧ e 4 ∧ e 5 . If this is the case on an open subset V ⊂ U , then E = ker(J) ⊂ T V yields a distribution. In such cases (V, ω| V ) is flat, if and only if E is an integrable distribution.
Proof. The linear statements are proven in [Bry06] . The three cases case can be reduced to special cases of Theorems 4.9, 4.11 and 4.8.
We will use the above theorems to construct 2-plectic 6-manifolds not having constant linear type or flatness properties. Similar constructions have been investigated in [Bur04, PV08] and other examples arise in the theory of special holonomy cf. ( [Ibo01, Bry87] ). We will construct our examples using the following lemma (compare also the preprint [Ryv16b] ).
Lemma 4.15. Let M = R 6 and
where f : R 6 → R only depends on x 2 , x 4 and x 5 . Then (M, ω) is a multisymplectic manifold. Furthermore, ω x is of linear type (i) when f (x) > 0, (ii) when f (x) < 0 and (iii) when f (x) = 0, using the numbering from the above theorem.
Proof. The proof is a simple consequence of the above theorem, by explicit calculation of J and noticing that dx 135 − dx 146 − dx 236 is non-degenerate. With respect to the standard volume on R 6 = T x R 6 , we obtain that
Squaring and taking the trace completes the proof. Example 4.18 (Constant linear type but non-flat). We regard the multisymplectic submanifold M >0 = {x ∈ R 6 | x 2 > 0} ⊂ M from Example 4.16. We set
It follows that
and the linear type is thus constantly type (i) from Theorem 4.14. We observe that
136 and hence
As dω 1 = 0 on any nonempty open subset of M >0 , we know that (M >0 , ω) is nowhere flat.
Remark 4.19. Similar examples can be constructed already for three-forms in R 5 . In [Tur84] it is shown that (dx
is nowhere flat, although it is non-degenerate, closed and has constant linear type.
2-plectic Lie groups
We prove that the canonical 2-plectic structure on a simple Lie group is flat only if the group is three-dimensional.
Theorem 4.20. Let (G, ω) be a real simple Lie group with its canonical three-form, as described in Example 3.6. Then (G, ω) has constant linear type but is flat if and only if its dimension is three.
Proof. Constancy of linear type follows immediately from the bi-invariance of ω. Without loss of generality, we can assume for the rest of the proof, that G is connected and simple. In the three-dimensional case the flatness is a consequence of the Darboux theorem for volume forms (Theorem 4.4). For all real simple Lie groups of dimension higher than three, we have
where the leftmost and rightmost terms are linear automorphisms preserving the respective tensor and the middle term are the Lie algebra automorphisms of g. The left equality is the statement of Theorem 2.2 of [Lê13] and the right inclusion follows, because the Killing form is intrinsically defined from the Lie bracket. Let us assume that G admits a chart φ : U ⊂ G → V ⊂ g near e, such that (T g φ)
* ω e = ω g , where ω e should be interpreted as the constant coefficient extension of ω e ∈ g = T e g. The natural left-invariant pseudo-Riemannian metric on G is defined by
This means that φ is a flat chart for (G, h), where h is the canonical left-invariant metric on G. Such a chart can not exist, because real simple Lie groups with canonical left-invariant metric have non-zero curvature (cf. e.g. [O'N83]).
The group of multisymplectic diffeomorphisms
In the last section we studied the local structure of multisymplectic manifolds. In this section we will investigate the diffeomorphisms preserving this structure.
The pseudogroup of local multisymplectic diffeomorphisms is called Diff loc (M, ω). Its subgroup of global diffeomorphisms is denoted by Diff(M, ω) and called "group of multisymplectic diffeomorphisms or multisymplectomorphisms" of (M, ω). The elements of the Lie algebra X(M, ω) = {X|L X ω = 0} ⊂ X(M ) are called "multisymplectic or locally Hamiltonian vector fields".
We will consider the following question:
"Let (M, ω) be multisymplectic. How transitive is the action of Diff(M, ω) on M ?"
We will distinguish several degrees of transitivity:
Definition 5.2. Let X be a set and G × X → X, (g, p) → g(p) a group action. The action is called "k-transitive", if for any two k-tuples (p 1 , ..., p k ), (q 1 , ..., q k ) of elements in X satisfying p i = p j and q i = q j for i = j there exists an element g ∈ G such that g(p i ) = q i for i = 1, ..., k.
In this section we will answer this question for several classes of examples. First, in Subsection 5.1 we will review the classical cases of symplectic and volumepreserving diffeomorphisms and show that the multisymplectomorphism group of C n with the real part of a complex volume form acts k-transitively for all k. Subsection 5.2 will treat several situations, where the multisymplectic diffeomorphisms act 1-transitively but not 2-transitively, including some examples from the last section and those discussed in [Mar88] . Finally, we will briefly discuss examples, where the action is not even 1-transitive.
Very transitive cases
The following theorem shows that the multisymplectomorphisms of symplectic and volume forms are very transitive: Boo69] ). Let (M, ω) be a connected symplectic manifold or a connected manifold equipped with a volume form. Then Diff(M, ω) acts k-transitively on M for all k ∈ N.
Corollary 5.4. Let (M, ω) be a connected symplectic 2n-dimensional manifold. Then (M, ω j ) is a multisymplectic manifold for all j ∈ {1, ..., n}. Moreover Diff(M, ω j ) always acts k-transitively for all k.
Proof. The non-degeneracy of ω j follows from
For X = 0 the latter is non-zero, as ω n is a volume form. The second statement follows immediately as Diff(M, ω) ⊂ Diff(M, ω j ).
We note that infinitesimally the converse is also true, except for the case j = n:
Lemma 5.5. Let (M, ω) be as in Corollary 5.4 with n > 1. Then X(M, ω j ) = X(M, ω) for 1 ≤ j < n and X(M, ω n ) X(M, ω).
Proof. The j = n > 1 case is a consequence of Gromovs non-squeezing theorem, cf. e.g. [Gro85] . If j < n we calculate:
is injective for 2j ≤ 2n − 2 by Lepage's divisibility Theorem, which is stated below.
Theorem 5.6 (Lepage's divisibility Theorem, see, e.g., [LM87] ). Let Ω ∈ Λ 2 (R 2n ) * be non-degenerate. Then the following map is a bijection for 0 ≤ p < n:
Another class of multisymplectic manifolds with very transitive multisymplectomorphism groups arises from complex volume forms.
We will prove the stronger statement, that the group Aut alg 1 (C n ) ⊂ Diff(M, ω) of polynomial biholomorphisms of determinant one acts k-transitively on C n for all k. The idea of the proof below was explained to us by Frank Kutzschebauch who showed a much more general result on biholomorphism groups in [KRP17] .
Proof. Let p j = (x j , y j , z j ) 1≤j≤k ∈ C × C n−2 × C be pairwise different points.
1. Without loss of generality, we may assume that all x i are pairwise different. To see this, we will find a map T in SL(n, C) ⊂ Aut
As there are only finitely many H ij , the space (C n ) * \ H ij is non-empty. Let φ 1 ∈ (C n ) * \ H ij . Extend φ 1 to a basis {φ 1 , ..., φ n } of (C * ) n . ThenT (p) := (φ 1 (p), ..., φ n (p)) is a linear isomorphism, such that (T (p j )) j∈{1,...,k} have different first components. We get the desired map by setting T = λT for an appropriate λ ∈ C\{0}.
2. There is an algebraic automorphism with Jacobian determinant 1, moving (x j , y j , z j ) (with x i pairwise different) to (x j , 0, j). Let P : C → C n−2 be a polynomial satisfying P (x j ) = y j for j ∈ {1, ..., k} and Q : C → C a polynomial satisfying Q(x j ) = z j − j for j ∈ {1, ..., k}. Then the desired algebraic automorphism is given by (x, y, z) → (x, y − P (x), z − Q(x)). Note that no polynomial P is necessary when n = 2.
3. There is an algebraic automorphism with Jacobian determinant 1, moving (x j , 0, j) (with x i pairwise different) to (0, 0, j). Let P : C → C be a polynomial satisfying P (j) = x j for j ∈ {1, ..., k}. Then the automorphism (x, y, z) → (x − P (z), y, z) has the desired property.
4. By composing steps 1., 2. and 3. we can construct an algebraic biholomorphism Ψ of determinant 1, such that φ(p j ) = (0, 0, j) for j ∈ {1, ..., k}. Given an alternative collection of pointsp 1 , ...,p k we can constructΨ in the same manner. ThenΨ • Ψ −1 is an algebraic automorphism of Jacobian determinant 1 such thatΨ • Ψ −1 (p j ) =p j for j ∈ {1, ..., k}.
Example 5.8. The multisymplectomorphisms of the manifold M = R 6 , ω = dx 135 − dx 146 − dx 236 − dx 245 act k-transitively on M for all k. This example is just the real description of the (n = 3)-case of the above theorem.
Slightly transitive cases
In this subsection we will treat several examples, where the action of Diff(M, ω) is 1-transitive but not 2-transitive. To identify those cases, we will use the following criterion.
Lemma 5.9. Let M be an n-dimensional manifold. If a group G ⊂ Diff(M ) preserves a regular foliation F of dimension r ∈ {0, n}, its action on M is not 2-transitive.
Proof. Let φ be a diffeomorphism preserving F. If p 1 , p 2 are in the same leaf F , then φ(p 1 ), φ(p 2 ) have to be in the same leaf φ(F ). As r is required to be different from n several leaves exist, and as r is nonzero each leaf contains many points. We take leaves F 1 = F 2 and p 1 = p 2 in F 1 and q 1 ∈ F 1 and q 2 ∈ F 2 , then there is no φ ∈ G, such that φ(p j ) = q j for j = 1, 2.
Using this criterion, we will first analyse a few flat examples from the last subsection, and then give an analysis of the non-flat case built in Example 4.18. Remark 5.11. This example can be extended to all multisymplectic manifold built as in Example 3.4. By Theorem 4.8 the multisymplectomorphisms of these manifolds preserve the (foliation given by the) fibers of π, hence they do not act 2-transitively on M . In [Mar88, HK04] the multisymplectomorphism groups are explicitly calculated. They are isomorphic to Diff(Q) Ω n cl (Q), i.e. they consist of diffeomorphisms of the base and translations by closed forms on the fibres. 3 )-coordinates. Again, we can achieve 1-transitivity by translations. In conclusion, Diff(M, ω) acts transitively, but not 2-transitively on M .
Remark 5.13. This example also can be generalized to the setting of Theorem 4.9. For m > 2 and k > 1 the multisymplectic manifold M = R km , ω = dx 1,2,...,m + dx m+1,...,2m + ... + dx (k−1)m+1,...,km satisfies: Diff(M, ω) acts transitively, but not 2-transitively on M .
is multisymplectic and of constant linear type. Furthermore it is non-flat and its multisymplectic diffeomorphisms act 1-transitively but not 2-transitively.
Proof. (Notations as in Example 4.18) As discussed in Example 4.18, (M >0 , ω f ) has constant linear type and is non-flat. Since the decomposable forms ω 1 , ω 2 fulfilling ω = ω f = ω 1 + ω 2 are unique up to order by Theorem 4.14, a multisymplectic diffeomorphism of (M >0 , ω f ) preserves or permutes ω 1 and ω 2 . Hence it preserves (or reverts the sign of) Ω = ω 1 ∧ ω 2 = 2 √ x 2 dx 123456 and dω 1 and thus they preserve the unique bivector field ξ satisfying the equation ι ξ Ω = dω 1 . Moreover, any diffeomorphism preserving ω also has to preserve or revert the sign of ι ξ ι ξ Ω ∈ Ω 2 (M >0 ).
In our case
So, in our case, ι ξ ι ξ Ω is closed, hence its kernel yields a foliation preserved by the multisymplectic diffeomorphisms of ω. This foliation does not depend on the possible sign ambiguities from above. So, the multisymplectic diffeomorphisms of ω do not act 2-transitively on M >0 . However, as it turns out they do act 1-transitively, as we will now see. For 1-transitivity it suffices to check by a direct comutation, that X(M >0 , ω), includes the complete vector fields:
In the case of simple Lie groups the proof of Theorem 4.20 implies the following Proposition 5.15. Let (G, ω) be a compact real simple Lie group with its canonical three-form, as described in Example 3.6. Then Diff(M, ω) acts 1-transitively on G. However, it acts 2-transitively if and only if dim(G) = 3.
Observables and Symmetries
In this section we generalize the notions of an observable and of an (infinitesimal) symmetry from symplectic to multisymplectic geometry, following the ideas of BaezRogers for the first and Callies-Fregier-Rogers-Zambon for the second notion (see [Rog12] and [CFRZ16] ) The results of this section are either published, or -in the case of the third subsection -can be found on the arXiv preprint server and will be published with full details elsewhere. Thus we do not give proofs here but concentrate on explaining the theory and giving examples. Since the notions treated in this section seem to become central in multisymplectic geometry we felt obliged to, at least, report on them.
The Lie ∞-algebra of observables
One of the key features of a symplectic form ω on a manifold M , is the Lie algebra structure {·, ·} ω it induces on C ∞ (M ). The bracket of two functions f 1 , f 2 is defined by {f 1 , f 2 } ω = ω(X f 1 , X f 2 ), where X f i is the unique vector fields satisfying ι X f i ω = −df . Trying to generalize the equation defining X f i to n-plectic manifolds with n > 1, one has to either turn X f i into multivector fields or to concentrate on differential forms f i of degree n−1. Following Baez and Rogers, we choose the latter approach here but observe new subtleties: In general, neither do all n−1-forms α admit a vector field X α satisfying the HDW equation ι Xα ω = −dα, nor do those admitting such a vector field form a Lie algebra. However, they do form a Lie ∞-algebra, cf. [Rog12, Ryv16c] .
Definition 6.1. Let (M, ω) be an n-plectic manifold. We define the "Lie n-algebra of observables" (L ∞ (M, ω), {l k } k∈{1,...,n+1} ) as follows. As a graded vector space it is given by L ∞ (M, ω) = Remark 6.2. The operations {l k } k∈{1,...,n+1} satisfy the relations ∂l k = l 1 l k+1 , for 1 < k < n + 2, where l n+2 should be interpreted as the zero map. These relations show that (L ∞ (M, ω), {l k } k∈{1,...,n+1} ) is a Lie ∞-algebra, cf. e.g. [Ryv16c] . Here ∂ denotes the Chevalley-Eilenberg-operator given by (∂l k )(α 1 , ..., α k+1 ) = i<j (−1) i+j l k (l 2 (α i , α j ), α 1 , ..., α i , ..., α j , ..., α k+1 ),
where α i means that α i is left out. This operator is defined for any skew-symmetric map with domain a Lie ∞-algebra (especially a Lie algebra).
Example 6.3 (Symplectic forms). Let (M, ω) be a 1-plectic (i.e. symplectic) manifold. Then L ∞ (M, ω) = C ∞ (M ), l 1 = 0 and l 2 = {·, ·} is the classical Poisson multiplication of functions on a symplectic manifold.
Example 6.4 (Volumes). We regard R n with n ≥ 3 with the standard volume form ω = dx 1 ∧ ... ∧ dx n as an n−1-plectic manifold and describe its l 2 operation. Let α,α be (n−2)-forms. They can be written as follows: As a consequence of the Darboux theorem for volume forms, (the binary operation of ) the observable Lie (n−1)-algebra of any (n−1)-plectic n-dimensional manifold locally has this form.
Example 6.5 (Sums). Let (M, ω) and (M ,ω) be (n−1)-plectic. There is a (strict) morphism of Lie ∞-algebras
given by (α,α) → π * M α + π * Mα .
Example 6.6 (Products). Given an n-plectic manifold (M, ω) and an m-plectic manifold (M ,ω) of not necessarily equal degrees, there is a morphism of Lie ∞-algebras
constructed in [SZ16] . It is an extension of the linear map Unlike the previous case, in general this morphism has "higher" components of the type
also for k > 1.
Example 6.7 (Compact simple Lie groups). In the case of connected compact simple Lie groups, we can get a feeling for L ∞ (G, ω) by regarding the sub-Lie ∞-algebra of left-invariant differential forms:
Identifying g * with g by use of the Killing form, we can interpret the operations l 2 and l 3 as follows. 
Comoment maps
Let (M, ω) be an n-plectic manifold. There is a linear map L ∞ (M, ω) → X(M ) which maps the binary operation l 2 to the Lie bracket of vector fields. It is given by α → X α (the unique vector field satisfying the HDW equation dα = −ι Xα ω) on Ω n−1
Ham (M ) and zero on all forms of lower degrees. In the language of Lie ∞-algebras it is a Lie ∞-morphism. Now, given a Lie algebra action ζ : g → X(M ) (we assume ζ to be a Lie algebra homomorphism i.e. an infinitesimal right action), we may ask, whether there is a Lie ∞-morphism F : g → L ∞ (M, ω) lifting this action, i.e. making the following diagram of Lie ∞-algebras commute (cf. [CFRZ16] ).
To answer this question, we will first describe the properties a Lie ∞-morphism from a Lie algebra to L ∞ (M, ω) has to satisfy.
Remark 6.21. In [RWZ16] the above statements are refined and analysed in more detail. For instance, 2. can be interpreted as the following statement in terms of Lie algebra homology: Let Λ
• g be the exterior algebra over g and δ : Λ k g → Λ k−1 g the differential δ be given on generators by
where the hat symbol indicates omission. The above statement means, that f k maps Im(δ k+1 ) to conserved quantities. It does, however, also map ker(δ k ) to locally conserved quantities. A sufficient condition for f k (ker(δ k )) to be conserved is L ζ(ξ) H = 0 for all ξ ∈ g.
